REPUBLIC OF AZERBAIJAN

On the rights of the manuscript

ABSTRACT

of the dissertation for the degree of Doctor of Philosophy

STUDYING STRESS STRAIN STATE OF A SMALL
THICKNESS INHOMOGENEOUS SPHERE

Specialty: 2002.01 — Mechanics of deformable solid
Field of science: Mechanics

Applicant: Natavan Sabir kizi Hasanova

Baku — 2022



The work was performed at the department of " General technical
disciplines and technology " of the Ganja State University.

Scientific supervisor: doctor of math. sciences, prof.
Natig Garakishi oglu Ahmadov

Official opponents: doctor of phys.-math. sciences, prof.
Asaf Dagbeyi oglu Zamanov

cand. of phys.-math. sc., assoc. prof.
Yusif Mammadali oglu Sevdimaliyev

candidate of phys.-math. sciences
Sahib Aydin oglu Piriyev

Dissertation council FD 2.17 of Supreme Attestation Commission
under the President of the Republic of Azerbaijan operating at Baku
State University.

Chairman of the Dissertation council:

full-member of the Azerbaijan National Academy of Sciences,
doctor of phys.-math. siences., prof.
Mahammad Farman oglu Mehdiyev

Scientific secretary of the Dissertation council:
doctor of mechanical sciences

Laura Faig gyzy Fatullayeva

Vice-chairman of the scientific seminar:
doctor of phys.-math. sciences, prof.

Fuad Seyfaddin oglu Latifov




GENERAL CHARACTERISTICS OF THE WORK

Rationale and development degree of the topic.

Inhomogeneous materials are widely used in various fields of
engineering. The assumption on homogeneity of the material ignores
its many important mechanical properties. It should be noted that one
of the main properties of materials that affects the stress-strain state
of elastic bodies is its inhomogeneity. Therefore, last years there are
a great number of scientific research works studying various aspects
of the analysis of inhomogeneous bodies.

In the second half of 1980 years with purposeful change in
macroscopic properties of the material, a new leap was achived by
applying new technologies for production of materials. This was
implemented by developing a class of composite materials
connecting two or multi-phase materials mainly with contradicting
properties to FGM conception.

The term FGM was created in the late 1980s. in Japan as
description of a class of engineering materials illustrating
inhomogenous microstructure and properties. The main goal of
implementation of FGM is to improve operational properties of
structures subjected to thermal and mechanical effects. Direct choice
of such various materials increases the level of residual stress arising
because of serious discrepancy of properties in the contact fields
between phases and materials and this in its turn, leads to
degradation of the material. In order to minimize the effect of these
stresses, the composition of FGM is structured so that all material
properties of the assembly changes continuously from one phase
component to another one.

One of the main approaches in studying inhomogeneous bodies
is the assumption that the material has mechanical properties
expressed by elementary functions (hyperbolic, exponential, linear,
quadratic, and so on). This approach enables to use classic methods
in solving appropriate problems of mechanics, to stimulate and
analyze the inhomogeneity. As a result the determined analytic
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solutions in many cases can be accepted as a reference for solving
more complex problems.

Giving the material properties in the form of elementary
functions, opens up a wide range of possibilities for exact analysis of
inhomogeneous bodies.

Shells and plates are constructions widely used in engineering
constructions. The theory of shells in a field that develops analysis
methods of thin-walled constructions of modern mechanics. The
study of inhomogeneous shells takes a special place in theory of
shells. Complex processes occurring during deformation of
inhomogeneous shells, leads to emergence of applied theories based
on certain assumptions.

The study of application field of the existing applied theories for
inhomogeneous shells and creation of a more exact applied theory
makes necessary to study the theory of elasticity of inhomogeneous
shells on the basis of three-dimensional equations.

Some problems related to the analysis of stress-strain state of
inhomogeneous shells can be well defined only on the basis of the
equations of elasticity theory. It should be noted that the study of
inhomogeneous shells on the basis of the equations of elasticity
theory takes their mechanical and geometrical structures into account
more adequately. The study of inhomogeneous shells on the basis of
the equations of elasticity theory is connected with many
mathematical difficulties. But, from physical point of view this
creates a new quality and quantity effect.

Object and subject of the study. Application of asymptotic
numerical methods to the study of stress-strain state of a small
thickness inhomogeneous sphere.

Goals and objectives of the study. To study the elasticity
theory problems symmetric with respect to an axis when different
boundary conditions are given on a lateral surface of a radial
inhomogeneous small thickness sphere whose elasticity modules
change with respect to the radius; to determine the stress-strain state
of a radial inhomogeneous sphere.
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Research methods. The technigue of the research is based on
the method of homogeneous solutions, on the method of asymptotic
integration of elasticity theory equations, on the method of
appropriate solution of the system of partial differential equations.

The main theses to be defended.

To construct homogeneous and inhomogeneous solutions for an
elasticity theory problem symmetric with respect to an axis and when
various boundary conditions are given on a lateral surface of a small
thickness radial inhomogeneous sphere.

To determine the character of stress-strain state of a small
thickness radial inhomogeneous sphere corresponding to these
solutions.

To obtain asymptotic formulas enabling to calculate the stress-
strain state of an inhomogeneous sphere.

Scientific novelty of the study. The main obtained results in the
work are the followings:

-An elasticity theory problem with respect to the axis was studied for
a small thickness radial inhomogeneous sphere, homogeneous and
inhomogeneous solutions were built. It was shown that when the
lateral surface of the sphere is free of stress, the homogeneous
solution consists of the sum of the extended, simple boundary effect
character and boundary layer character solutions. The character of
the stress-strain state corresponding to these solutions was
determined. Asymptotic formulas for calculating the three-
dimensional stress-strain state of the sphere were obtained.

-1t was determined that when the lateral surface of the sphere is
closed and homogeneous mixed boundary conditions are given on
the lateral surface, the homogeneous solutions of the considered
problems consist of only boundary layer character solutions.

-A torsion problem for a radial inhomogeneous small thickness
sphere was studied. It was shown that when the lateral surface of the
sphere is free of tension, the homogeneous solution consists of the
sum of the extended and boundary layer character solutions. It was



shown that when the lateral surface of the sphere is closed, the
torsion problem has only a baundary layer character solution.

-A problem of torsional vibrations of a radial inhomogeneous small
thickness sphere was studied. The roots of the dispersion equation in
small values of the parameter characterizing the thickness of the
sphere were studied, asymptotic formulas for displacements and
tensions corresponding to these roots were obtained.

Theoretical and practical importance of the study. This work
is of theoretical character. By means of asymptotic formulas obtained
for the components of displacement vector and stress tensor it is
possible to calculate the stress-strain state of a radial inhomogeneous
sphere. By means of the obtained solutions one can estimate the
application area of various applied theories existing for a sphere and
contruct more exact applied problems for a radial inhomogeneous
sphere.

Approbation and application. The results of the dissertation
work were discussed at the International conference “Theoretical and
applied problems of mathematics” (Sumgait, 2012), at the I
Internatinal science and engineering conference (Baku 2018), at the
XXXIX International Scientific Practical conference “Advances in
science and technology” (Moscow 2021), at the International
conference “Theoretical and applied problems of Mathemtics”
(Sumgait 2021), in the seminar of the chair of “Mathematics and
statistics” of Azerbaijan State University of Economy.

Author’s personal contribution. Except the statement of some
problems the goal of the study, choice of the direction and all the
obtained results belong to the author.

Author’s publications. 5 papers in the editions recommended
by Higher Attestation Committee at the President of the Republic of
Azerbaijan, conference materials — 4.

The name of the organization where the dissertation work
was executed. The work was performed at the department of
"General technical disciplines and technology” of the Ganja State
University.



Structure and volume of the dissertation (in signs
indicating the volume of each structural subdivision separately).
The dissertation consists of an introduction, two chapters, a
conclusion and a list of references, 126 pages. Total volume of the
dissertation work 215277 signs (title page 339 signs, contents 2621
signs, introduction 23276 signs, chapter | 104000 signs, chapter 1l
84000 signs, conclusion 1041 signs). The dissertation work contains
1 figure, 10 graphs and a list of references with 96 names.



THE MAIN CONTENT OF THE WORK

The introduction contains the rationale of the work, review of
scientific works related to the topic, the goal of the work and brief
content of the work.

Chapter 1 is called ”Asymptotic analysis of an elasticity theory
problem with respect to the axis for a radial inhomogeneous sphere*
and deals with asymptotic theory of a small thickness radial
inhomogeneous sphere.

In 1.1 the statement of a boundary value problem is given for a
radial inhomogeneous small thickness sphere. An elasticity theory
problem symmetric with respect to an axis is considered for a radial
inhomogeneous isotropic sphere. In the spherical coordinate system
r,0,¢ the sphere has the volume

I'={re[r;r],0€[6;;6,], p<[0,2x]}
and the poles 0,7 are not contained in the sphere (fig. 1). It is

assumed that elasticity modulus change with respect to the radius by
the linear law:

G(r) =Gur, A(r) = Ar
In the spherical coordinate system, the expression of the
displacement vector of the system of balance equations by the
components U, =U,(0;0), Uy=Uy(p;0), u,=U,(p;0) is as
follows:
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r .
:%In(—z} pe[-11]. Note that ¢ is a small parameter
N

characterizing the thickness of the sphere.

Assume that the lateral surface of the sphere is free from load:



{(ZG0 +g) =2+ g&o(u ctgd+2u, + —ﬂ =0 (4)
p=t1
Go{au—gh{——ugﬂ (5)
op
G [au—“’ —&u j =0 (6)
0 op 0 . :

Here G, = ©

r : :
ﬂozTO are pure variables; t is a

characteristical quantity with elasticity modulus dimension.
Assume that we are given the boundary conditions

O-HHLQ:@“ = fln (,D), Gpe‘gzgn = f2n (,0) (7)

0(/19‘9:95 = fs (,0)

balancing the sphere in the base of the sphere.
The problem (3), (6),(8) characterizes the torsion of the
sphere.
In 1.2 the problem (1), (2), (4),(5) is studied.
The solution of the boundary value problem (1), (2), (4), (5)
is sought in the form
u,(p;0) =a(p)m(9); uy(p;6)=d(p)m'(6) 9)

Here the function m(#) is the solution of the Legendre equation
" (6) + ctg am'(6) +[z2 —%)m(@) 0 (10)

Having substituted (9) in (1),(2),(4),(5) according to (10) we
obtain:
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(2G, + 4o)(@"(p) + 2¢a'(p)) —8260(22 +%)a(p) -
— (G, +/10)(22 —%jd'(p) +3gzeo(z2 —%)d(p) =0, (12)

Go(d"(p) + 26d'(p))—82(Go +(2G, +/'to)(22 —%Dd(p) +

+82(5G, +24,)a(p) + £(G, + 4)a'(p) =0, (12)

[(ZGO +A)a () + alo(za(p) —(zz —%jd(mﬂ 0, @3

Gold'(p) +2(alp) -d(p))]  =0. (14)
The solution of the system (11), (12) is as follws:
a(p)=e T[pe™ A+ pie Ay + pe™ A+ pe AL (15)
d(p) =& P[Le™ A + e ™ Ay + 1,67 Ay +0,e " A, (16)
Here the S, are the roots of the equation

(2G, + 44)G,s* _KZZ —%)260 (2G, + A) + G, (10G, +3,10)}52 +

2
+(Z2 —%) Gy (2G, +/10)—2(22 —%)Gg +2Gy(6Gy +4,) =0

1
Px = GosSk _(22 —ZJ(ZGO +40) —2Gy;

ty =—(Gg +49)Sk —(4Gy + 4); G =(Gg +4g)Sk —(4Gy + 4o) 5
Having substituted (15),(16) in the homogeneous boundary
conditions (13), (14) from the existence of non-trivial solution of the
obtained system of homogeneous linear algebraic equations we
determine the characteristic equation
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A1(2,6) = (QxDjp —QpDy) - (Q Dy —

- Q11D12)5h2 (&(51+5;)) +(Q Dy — Q1 Dyy) -

(Q11D2; —Qp Dn)Sh2 (e(51—5,)) =0, (17)
Here

Dy = —AsZ + (A — 2Gy)S, —(22 —%j(zeo + 4g) +6Gy + 24,

Dy = ~Josi + 2y ~ Ay [ 27 2y + o) + 6o + 22
Qu = (2G, +19)GoSy +Go (A —2Gy)sf —[2G, (2G, + 4o) +

Jr(z2 —%)GO (4G, +3/10)}Sk Jr(z2 —%j"reo (Go +49) +2G (2G, — 4o);
Qu =—(2Gy + 49)GySi + Gy (A — 2G,)s¢ +[2G(2G, + 4g) +
Jr(z2 —ijGo(AfGo +3/10)}k +4G, (G, +AO)(22 —i}LZGO (2Gy —44); (k=12).

In 1.3 as £ — 0 the asymptotic analysis of the roots of the
characteristic equation (17) is conducted.
Theorem 1. As ¢ — 0 the set of roots A(z,&) of equation

(17) is a denumerable set and the equality
A(z,6) = A (D)UA,(z,)UA5(2,6)
is valid:

1. The set A,(z) consists of the roots z = ig.

2. The set A,(z;¢&) consists of the four roots

1
1
of order O[e 2}.

Z = S_E(IBOK + By +..) (18)
Here
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ahy Box 5h3

ng+3ﬁ=0'
h,

3. The set A;(z;&) consists of denumerable numbers roots

1 h, (5h,h, —2h,h —
Bok = Xok» P = (ho— 1 (Ohahs 1 6)}---(k=1;4)

z, = V—gk +0(¢) (19)

of order O(g‘l).

In (19), 7o are the solutions of the equation sh®(2y,,) —47g =0.

Asymptotic solutions corresponding to the roots of the characteristic
equation (17) are determined:

1)
3
a) z=——
) 2
u® =8 cosoIn| ctg 2 |-1
P 9 2 ! (21)
(1) _ - 6
Ug _—B(smeln(ctg Ej+ctg€j, (22)
3
b) z=—
) 2
u) =Mcosd; u,=-Msiné, (23)

O_;0_ ;0 _ ;0 _
Opp =04 =0, =0,y =0.

The solution (23) characterizes the motion of the sphere as an

absolute solid.
1

2) 1=z 2(fy; +eBy; +..) (24)
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u?(p,0)= iEu@( 0), (25)

=

P (p,6)= 2EuP (p.0), (26)
j=1
here
P00 1 d s e P om0
(2) _ ZGO + 3% 1 '
0r0)- -0+ 22525 L ofeo)
3)
a) 7 = ‘9_1(7/0k t&y t ) (27)
B9 (p,0)= Zm uS?(p,0), (28)
u$(0,0)= éDk us™ (0,0), (29)
here

U(Sl) (o, 9) Yok [((Go + 20 )Y 0o +(ZGo +%)Sh70k)3h(70kp)_
—(Gy + Ao ok shyach(yg0)+O(e) I (6)
Uéf'l) (P’ ‘9)2 £[(Gy +%)70k —Ggshyo )Ch(VOkP)_

—(Go + 40 Joracshyash(yoee)+0(&) I (6)
7ok are the roots of the equation

Sh(27/0k )+ 270k =0
b) zy =& (o +ary +...) (30)

u(sz( ) ZFIU(SZ)( ) ), (31)
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ug** (p,6)= Z Fug?(p.0), (32)
here
U(p?'z) (P’ 9): Yoi [((Go +/10)7/0i3h70i +(ZGO +/10)Ch70i )Ch(VOiP)_
—(Gy + 4o Jyai ehygish(yg 0)+0(e) Jm; (6),
us?(p,0)= el((Go + A0 )70iShy0i —GoChyoi Jsh(yoi )~
—(Gy + 2o )oraichyoich(ygi0)+ O(e) Jmi (6),
Yoi are the roots of the equation

sh(2y;) — 270 =0.
For the general solution of the problem (1), (2), (4), (5) we get:

u,(p;0)=uf +

2 & 33
+ X E U (pi0)+ 303" (010)+ S RuS? (pi0) (33)
j=1 i=1
U9(p;9):u(§1) +
(34)

+ZE uP(p:0)+ Y. DUEY ;0 )+2Fu(“>(p;e),
k=1

In 1.4 the stress-strain state correspondmg to the homogeneous
solutions is analyzed, the character of the solutions is determined. It
is shown that the solution (21), (22) is equivalent to the principle
vector P of the stresses acting on the section € =const :

P =-42G,sh(2¢)B (35)
The stress state determined by the solutions (25), (26), (28), (29),
(31), (32) is self balanced in the section & =const.

(21), (22) is an extended solution. The stress state corresponding
to the solution (21), (22) is equivalent to the principle vector of the
forces applied to the arbitrary section € =const of the sphere. The
stress state corresponding to the solution (25),(26) determines the
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boundary effect in applied theory of shells. The stress state
determined by the solutions (25), (26) is equivalent to the bending
moment M,, and to the cutting force Q.. The solutions (25), (26)
determine the principal parts of the bending moment and cutting
forces. The solutions (21), (22), (25), (26) determine the internal
stress strain state of the sphere. The solutions (28), (29), (31), (32)
are of boundary layer character. The first term of these solutions is
equivalent to the Saint-Venant effect in theory of inhomogeneous
plates. The boundary layer character solutions have not been
determined in the classic Kirchhoff-Liav theory of shells. When

moving away from the conic sections d=6; (j=12) the solutions

(25),(26),(28), (29), (31),(32) damp by the exponential law.

The stress-strain state of an inhomogeneous sphere consists of
the sum of extended simple boundary effect character and boundary
layer chacarter solutions.

In 1.5 the problem of satisfaction of boundary conditions on the
base of the sphere is considered.

The expression of the constant B by means of the principal
vector P is determined by means of the formula

P

~ 47G,sh(2¢)
The constants E;,Dy,F are determined from the boundary

conditions (7) given in the base of the sphere. Since the
homogeneous solutions satisfy the homogeneous conditions and the
balance equations given in the lateral surface according to the
Lagrange variation principle we can write:

1
_ZZZI[(O'ee — fi (,0))5-19 +(<7pg -1y (p))&lp]‘g:gjezgpdp =0. (36)

[

Considering &k ;,dD,,dF as independent variations, from (36) we
obtain the following system of linear algebraic equations:

4 -
kZﬂ' kExo =7jo; (J=14), (37)
16



- ( 1 ]8«30%) Jidh (J—ﬁék—J—ﬂé,-Go)

siné, sm@l 3(2G, + 4) 4/ﬂ0
\/ ﬁo ;\/sme
2G, +34, 1
f2n 1 0j n YR d
{ + ()" -5 I ()(2(G 7 p] p}

£ f(l)
2n = -0 \/_
Ej=Ejo+ebj+.. (38)
> MPD, =7, (j=12,..) (39)
k=1
1 1 y
M =2G, (G, + - o
K o(Go %)(Sinﬁz Siﬂ@lvagkygj

1
X (7’01 N Yok I[J/OkChVOkSh(J’okp) - 70kPSh7/okCh(7’okP)]x
1
(G + A0)70iC70; +(2Gq + 29)shyo; Bh(70;0) -
— (G + A9) 70,2570, C(7o;,0) [0 = Vo — 72,

1
x [[(roxCh7ox = Sh7er )Ch(Zor 2) = 7o PNk ) S o ]

)
X {l(Go +/10)7’0j0h70j _G05h70j }:h(%jp) -
(G, + /10)70jp5h70j5h(70jp)}dp)
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% 1 <(_1)”‘/_7§"x
- n=1,/sin G, 41_751_

1
X J fln(p){[(GO +40)70iCN7y; _GOSh?’Oj]:h(VOjP)—

-1
—(Gy + ) 70; PN (70; P)SNyy; jdp +
}/ . 1
+ 012 ffzn(P){[(Go +0)70jCh7oj +
V-705 1
+(2Gy + 2)shyo; BN(76;.0) — (Go +40)0; 28N 70N (70;0) P,

i=

Ni51)=2G0(G0+20)( - : J o

sing, siné; Jaf,z,2
1
(70]\/_7/§i I[VOiShVOiChO’OiP)_VOiPChVOiSh(VOiP)]X
x|
X {l_(Go +ﬂ'0)70j3h70j +(2G, +/10)Ch7OjJX
xch(70;0) — (Gy + 44)70;,N75; (7o) Ao
1
= 7oi \/_751' I[(VoiShVOi —chyg)sh(yg p) _70ipCh(70iP)Ch7’oi]x

1
X{l(Go +20)70Sh70; —GoChVOjJSh(J/OjP)—
- (G, +/10)70jPCh7/0jCh(7/0jP)}d,0),
2 1 N
rj = Y —((D x
n=1,/SiN G, 4 _731_
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1
% [ 1 (OG0 + Z0)70;5M70; — GoChyo; BN(ro;0) -
-1
—(Go +20)70;58N(70 L)SNy0; }dp +
Yoj

1
T J‘lfzn (P){[(GO +20)70i8N70; +(2G, +ﬂo)ch;/0j]ch(70jp)
j

- (G, +ﬂo)70jPCh70jSh(70jP)}dP>v
Dk :g(Dko +6Dk1 +), (41)
F=c(Fo+eFy+.) (42)

+

f(p)=f +—
1n(p) ln(p) 27Z'Sin295h28

1
fz(r? = I fon (p)dp, fz(nZ) = on(p)— fz(r?; (n=12).
-1

The matrices of the system of linear algebraic equations
obtained for determining the constants E;,,Dy,, F,(n=12,....)

contained in (38), (41), (42) are the same with the matrices of the
systems (37), (39), (40).

In 1.6 special solution satisfying inhomogeneous boundary
conditions of the balance equations given on the lateral surface is
built according to the first iteration process of the asymptotic
integration method.

In 1.7 an elasticity theory problem symmetric with respect to the
axis is studied for a an inhomogeneous sphere withsecond kind
boundary conditions given on the lateral surface. It is assumed that
the lateral surface of the sphere is closed
(43)

u,| =
Plp=+1

Uol sy =0 (44)
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and the boundary conditions balancing it are given on the base of the
sphere (on conic sections).

Having written (9), (15), (16) in the boundary conditions (43),
(44) from the existence of non-trivial solution of the obtained system
of homogeneous linear algebraic equations we obtain the
characteristic equation

A, (2;6) =(pd, — P4 NP, — Pit, )sh?(e(s, +5,))+

+(Pity = PG NPy, — Pot)sh(s(s, - s,))=0,
Theorem 2. As ¢ —0 the set of roots of the equation (45)

(45)

. 1)
consists of denumerable number roots z, =% +0O(g) and the &y,
&

are the solutions of the equation
Sh2(250 ) 4(G +/10)
(3Go +4)

The following asymptotic solutions correspond to the indicated
roots of the characteristic equation (45):

20k

us? (9:0)= LBy (0:0), (47)
ul (p;6) = Z By us? (p;0), (48)
here

(31) (0,0) = 60k [(Gg + Ag) 0k ShSg Sh(Jgy 0) —
—chd, ((Go + Ay) S0k POy p) — 3Gy + Ag)sh(dy p)) + 0(5)]mk 0),
u§e? (;0) = £(Gy + Ao) S, [Ny N (Fy ) -

— peh iy sh(Sgy o) + O (€) Iy (6),
the o, are the roots of the equation

20



sh(26,) - 220t fo) 5 o,

3G, + 4
b) Z =& (Opi + &y +.-2), (49)
u82 (p;0) =Y B,uS? (p;0), (50)
i=1
ug? (0;6) = Y. Bug? (p;0), (1)
i=1

here
U5 (16) = 55il(Go + 40)Sichyich(Jo; ) -
— shdy; ((Gy + 49) i 28N (3g; p) — (3Gg + 44 )ch (S p)) + O(&) m; (6),
Ut (p36) = £(Gy + 2)3; [chyish(8y; p) -
~ pshdch(Sy0) + O(&) I (6),
the oy; are the roots of the equation

$h(26,)+ 20t o)
0ot %

Is moving away from the conical sections &=6; (j=12) to the
inside of the sphere, the solutions (47), (48), (50), (51) decay
exponentially. The noted solutions are of boundary layer character
and were not determined in the classic Kirchhof-Liav theory. The
first terms of the solutions (47), (48), (50), (51) are equivalent to the
Saint-Venant boundary effect in theory of inhomogeneous plates.

As a result of satisfaction of boundary conditions given on the
base of the sphere, we obtain an infinite system of linear algebraic
equations to determine the constants contained in (47), (48), (50),
(51.

In 1.8 we study an elasticity theory problem symmetric with
respect to the axis and with mixed boundary conditions on the lateral
surface.

It is assumed that the mixed boundary conditions

21
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u 0, (52)

p‘p:irl:

Gpg ‘p:il - 0’ (53)
are given on the lateral surface of the sphere, the boundary
conditions balancing the sphere are given on the base of the sphere.
From the existence of nontrivial solution of the system of
homogeneous linear algebraic equations obtained when writting (9),
(15), (16) in boundary conditions (52), (53) we determine the
characteristic equation

A3(Z;¢) :(plDZZ - p2D21)(p2D11 - plDlz)Shz(g(sl +32))+

+(pDy, = P2 Doy (P Doy — P, Dy )sh?(e(s, —5,)) =0,
Theorem 3. As ¢ —0 the equation (54) has a denumerable

(54)

number of roots z, =ﬂ+0(5) and the «, are the solutions of the
&

equation sh?2aq, =0.
The following asymptotic solutions correspond to the roots of
the characteristic equation (54) :

a) Zk =6‘_1(0(0k +6Ul1k +...), (55)
Uy (016) = LBy (910 (56)
=1
ul (p;0) = 2 By US™ (0;0), (57)
=1

USD (936) = a3l(Go + Ao )ehagyshiag, o) + (&), (6),
U (936) = Gy + Ao)ehet ch(c o) + (&) my 6),
the o are the roots of the equation
Sh2a0k =0.

b) Z; =& Qg + &y +...), (58)
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u®? (p; e)=§B4iu;?*” (:6), (59)
1=

ug? (p:6) = X Byuf? (p:0), (60)
i=1
here
U2 (p36) = agi[(Gy + Ag)shagich(ag p) +0(e) m; (6),
Ui ? (930) = ax (G + A )shagish(agip) +O() Imi (6),
the ag; are the roots of the equation
ChzaOi =0.

The solutions (56), (57), (59), (60) are of boundary layer
character and the first terms of their expansions with respect to the
parameter & are equivalent to the Saint-Venant boundary effect in
theory of inhomogeneous plates.

In 1.9 we consider an elasticity theory problem for a sphere with
lateral surface free of stresses and with mixed boundary conditions
given on the base. The generalized orthogonality condition is
determine according to the Betty theorem and the boundary
conditions given on the bases of the sphere are satisfied exactly.

In 1.10 for estimating the influence of materials inhomogeneity
on the stress-strain state, the problem for a small thickness radial
inhomogeneous and homogeneous isotropic sphere is solved
numerically. The results obtained for radially inhomogeneous
isotropic spheres are compared. The influence of inhomogeneity on
the stess-strain state is estimated

Chapter 11 is called ”A torsional problem for a small thickness
radial inhomogeneous sphere®. In this chapter a torsional problem is
studied for a radial inhomogeneous small thickness sphere.

In 2.1 the torsional problen is studied for a radial
inhomogeneous small thickness sphere whoses pateral surface is free

from load, and whose boundary conditions balancing it are given in
its bases.
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The solution of the boundary value problem (3), (6) is sought in the
form

u, (p;60) =c(p)m'(6), (61)
Allowing for (10) having written (61) in (3), (6), we get the
following result:

C"(p)+2ac'(p)—52(zz +%)C(p) =0, (62)

Co-sct0)] =0 (63)
Writting the solution

C(p)lee—g(/l+1)P +Tze€(/l—1)P’ ( U= ZZ+£-dir)

of the equation (62) in the first boundary conditions, we determine
the characteristic equation

A4(z;,9)=(%—zzjsh(g\/4z2 +7)= 0. (64)

Theorem 4. The set of roots of the equation (64) consists of
the denumerable number roots of order
2.2
z, =i Z+ il n2
4  4¢

(n=12,..)

and z:iE.
2
The solutions corresponding to the determined roots of the
characteristic equation (64) are determined as folowas:
3

a) z=——
) 2

ul (p;0) = Coe® [%sin Hln(ctg 2(§D+ctg 9} (65)
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2.2
z'n

4g?

B) Z, =i %4‘

U (p;6) = S0 {m[@ - p)j —@cos[@ (1—p>ﬂm; (©)
n=1 2 & 2

(66)
The general solution of the problem (3),(6) are determined by the

formula
u,(p;0) =Cee” (%sin ) In(ctg 2 @D +ctg HJ +

+ie-f@w)[zlsin(?(1—p)]—?cos(?(1—p)ﬂm'n(e), (67)

n=1
For the torsional moment M,, of stress acting on the section

@ = const we obtain:

When the lateral surface of the sphere is free from stress, the constant
C, is equivalent to the torsional moment M, of stresses acting on
the section @ =const.

The solution (65) determines the internal stress-strain state of
the sphere. The stress state corresponding to the solution (66) is of
boundary layer character and the first term of its asymptotic
expansion is equivalent to the Saint-Venant baundary effect in theory
of inhomogeneous plates.

When going a way from the conical sections
0=0; (j=12) the solution (66) damps exponentially. According
to (68)

Mo
271G,sh(4¢)

0=
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As a result of satisfaction of the boundary conditions (8) given on the
bases, we obtain a system of linear equations:

2,2 2 1
- Tk & *
m, (6.)ctg 6. —| 2+ m, (6.) = f e?(P
« (65)ctg ( 482] k (65) GO(1682+7Z'2k2)I1 s (P)

X {ﬁ cos(ﬁ (1—,0)] —4sin(ﬁ (1—p)j:|dp, (69)
£ 2 2
here m, (8) = AP | (cos6) + APQ ,(cosd);P ,(cos®) and
2 *7 *72

Q ,(cos@) are Legendre function of first and second kind,
Iy ——

2

&

_esz“r- ;(s=12) .
zsin® 6;sh(4e)

The constants A", A®® are determined from the system (69).

In 2.2 a torsional problem for a radial inhomogeneous small
thickness sphere closed from the lateral surface is studied. A
boundary layer character homogeneous solution is built. The
character of the stress-strain state is determined

In 2.3 a torsional problem of a sphere whose elasticity modulus
is a radius dependent arbitrary continuous function and whose lateral
surface is free from stresses, is studied.

In 2.4 a torsional problem of a small thickness sphere with
closed lateral surface whose elasticity modulus is a radius dependent
arbitrary continuous function is studied.

In 2.5 atorsional vibration problem of a radial inhomogeneous
sphere with no 0 and 7 poles, is considered. It is assumed that the
G elasticity modulus and the density of the material of g sphere
with respect to the radius changes by the linear law

G(r) =G.r,g =0.r.

respectively; f. (p) = f.(p)—
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The expression of the equation of motion expressing the
torsional vibrations of the sphere in the spherical coordinate system
in the displacements is as follows:

2
0 u‘”+§(au‘”—u—‘”J+

op> plop »p
o’u, o 2 9° (70)
1 u, au, cos 26 g«fy 07U,
2 ;o ———u, |= 2
po| 00 00 sin“ @ G. ot

here p= r -is a pure variable; ry =
f'o
It is assumed that the lateral surface of the sphere is free from
load.
The solution of the equation (70) is sought in the form of

it
u,(p,6,t)=v(p)m(0)e (71)
Writing (71) in (70) and in the boundary condition given in the
lateral surface, we obtain the boundary value problem

3 (22 +Zj (72)
V' (p)+=V'(p)+| Q° —~——2 V(p) =0,
P p

(73)

(W (P) -V, =0,

2.2

g-0°T,

Here Q2 = 9 s a pure frequency; s=1.2.

*

Writing the solution v(p)=p7*| J Qp)A+Y Qp)B | of
g (P)P[m(ﬂ) H(P)]

the equation (72) in the boundary conditions (73) from the existence
of nontrivial solution of the system of linear algebraic equations we
determine the dispersion equation
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Az, 1, ) = 4L (Qp1:Qp,) 29 p LY (1 Qp,) +
1 2 +Z \ 22 +Z

+p, LY - (Qp1;Qp,) |+ Q% py p, LG -(Qp;Qp,) =0, (74)
1 22 +Z . 72 +Z
here

L&D (Qp,:0p,) = LE_(Q )Y(J) ©Qp,) -3 __(Qp,)x
L1120 \/ﬂ L1 \/: L2 \/: P2

xY ) _(Qp,); (s=0; j =01)—dir; (Qp), Y —(Qp) -are
I# e e

first and second kind Bessel functions.
As ¢ —>0 for Q satisfying the condition Q=0(1) the dispersion
equation (74) has the limited roots
2 = Lo + o +....(k=12).

As &—0 for the frequencies satisfying the condition
Q2 — oo the roots of the dispersion function increase infinitely.
1) As Q—>o and &Q —0(¢ —0) the dispersion equation has the
roots:

2, =206 P 42067 +...; 0<ﬂ<%.
2, =206 P 42,67 4. %<ﬁ<1.
b) 7, = (5—+0(31/’)J 0<p<1 ,sin(25,)=0.

2) As QQ—> o and & —const ( Qz&, Q, =0()) the
&
dispersion equation has the roots
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Z, =7/?k+0(5) : sin(ZW/QS —;/kz)z 0.

Asymptotic expressions for the homogeneous corresponding to
the determined roots of the dispersion equation are deteremined.

In 2.6 torsional vibration of a radial inhomogeneous solutions
small thickness sphere with closed lateral surface is studied. The
roots of the dispersion equation

L0 (Qp,;Qp,) =0,
22+Z
4
obtained from the fulfilment of homogeneous boundary conditions
given in the lateral surface are asymptotically analyzed. Asymptotic
expressions for displacement and stress tensor components
corresponding to these roots, are built.
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CONCLUSION

The dissertation work was devoted to the study of stress-
strain state of a small thickness inhomogeneous sphere on the basis
of elasticity theory equations. The following results were obtained:

1. The problem of symmetricity with respect to the axis of elasticity
theory are studied when various boundary conditions are given on
the lateral surface of a small thickness inhomogeneous sphere whose
elasticity modulus change with respect to the radius by a linear law.
As a result of asymptotic analysis, the character of the stress-strain
state of the sphere was determined. Asymptotic formulas enabling to
calculate the stress-strain state of the sphere to the required exactness
are obtained. A new class of solutions that can not be described by
any applied theory (boundary layer character solutions) are
determined.

2. The torsion problem for a small inhomogeneous sphere was
studied when various boundary conditions are given on the lateral
surface. The methods enabling to build inhomogeneous solutions, are
worked out.

3. Torsional vibration of a radial inhomogeneous small thickness
sphere is studied. Simple asymptotic expressions for determining the
displacement and stresses at various values of frequency are
determined.
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